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We present detailed magnetic measurements and the theoretical analysis of the recently synthesized mag-
netic molecule �Cr10Cu2�. Due to the heterometallic nature of this molecule, there are three distinct intramo-
lecular interactions, which we describe using an isotropic Heisenberg model with three distinct exchange
constants. The magnetic properties of the model are calculated using the quantum Monte Carlo method,
including the low-field magnetic susceptibility ��T� and the magnetization M�H ,T� versus magnetic field H up
to the saturation field ��80 T� for arbitrary temperature T. Of particular relevance to experiment, we have
calculated the full set of ground-state level-crossing fields corresponding to peaks in �M /�H versus H for low
T. A detailed search of the three-dimensional parameter space yields two well-separated sets of exchange
constants, both of which give good agreement between the predictions of the model and the measured ��T�.
The present low-temperature tunnel-diode resonator measurements provide values of ground-state level-
crossing fields, as well as the level-crossing fields for certain low-lying excited states up to 16 T that are in
good agreement with theory. The full set of theoretical crossing fields is very nearly equal for both sets of
exchange constants. The theory also provides quantitative predictions for the site-dependent local magnetic
moments of this molecule, which could perhaps be tested by future nuclear-magnetic-resonance measurements.
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I. INTRODUCTION

The field of molecular magnetism has developed rapidly
since the early 1990s and the number of different species of
magnetic molecules that have been synthesized is large and
continues to increase rapidly.1–4 Magnetic molecules are of
great interest since they provide a very convenient platform
for exploring fundamental issues in nanomagnetism. Of key
importance is the fact that the magnetic interactions between
molecules are generally ignorable as compared to intramo-
lecular Heisenberg exchange interactions among a relatively
small number of magnetic ions. A crystal sample can there-
fore be considered as a macroscopic ensemble of indepen-
dent identical nanomagnets featuring a discrete spectrum of
magnetic energy levels that originates from the intramolecu-
lar exchange interactions between the magnetic ions.

The magnetic molecule �Cr10Cu2� has a cyclic hourglass
shape.5,6 Three distinct nearest-neighbor exchange interac-
tions, shown schematically in Fig. 1, are introduced for de-
scribing this system, guided by the findings of detailed x-ray
diffraction studies.5 First, the ligands connecting neighboring
Cr3+ ions �spin s=3 /2� are the same �same bond lengths and
bond angles� for each Cr-Cr pair. Therefore, each Cr-Cr bond
is described by the same exchange constant, J1, which is
represented by thin lines in Fig. 1. Second, the ligands on
opposite sides of a Cu2+ ion �spin s=1 /2� are not the same so
those bonds are described by two different exchange con-
stants, J2 and J3, which are represented in Fig. 1 by thick
lines and double lines, respectively. Finally, the molecule
possesses 180° rotational symmetry so the Cr-Cu bonds on
opposite sides of the molecule are described by the same

exchange constant. Taking these symmetries into account
leads to three different exchange constants.

The primary goal of the present work is to build a theo-
retical model based on the Heisenberg Hamiltonian—or
equivalently, to determine exchange constants
�J1 ,J2 ,J3�—which will successfully describe magnetic mea-
surements as both the temperature and the external magnetic
field are varied. To accomplish this, we calculate the mag-
netic properties of the model using the quantum Monte Carlo
method.7 In Ref. 6, a detailed search of this three-
dimensional parameter space—involving calculations for
thousands of sets of exchange constants—revealed that there
are two different sets of exchange constants that both provide
agreement with the weak-field susceptibility ��T�
�=M�H ,T� /H for H=0.1 T� that was measured using a su-
perconducting quantum interference device �SQUID� magne-
tometer for temperatures ranging from T=2 to 300 K. In

FIG. 1. The structure of the magnetic interactions for �Cr10Cu2�,
where open circles represent Cr3+ ions and solid circles represent
Cu2+ ions. The different line styles represent bonds with different
exchange constants: J1 �thin line�, J2 �thick line�, and J3 �double
lines�.
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addition to the behavior of ��T�, we are also interested in the
field dependence of the low-temperature differential suscep-
tibility �M /�H as these data can provide a direct experimen-
tal probe of the lowest-energy levels for different values of
the total spin S. By contrast, the temperature dependence of
� provides a global probe of the complete energy spectrum,
and a theory that successfully reproduces this quantity might
not successfully describe the lowest-energy levels for differ-
ent S. Data which address these questions are presented in
Sec. II. In Sec. II A, we present theoretical predictions for
the low-temperature differential susceptibility, which clearly
show several peaks that correspond to ground-state level
crossings occurring for H�20 T. The corresponding experi-
mental measurements for H up to 16 T are shown in Sec.
II B. We have used a tunnel-diode resonator �TDR� tech-
nique to obtain these data, and—as we show in Sec. II B and
the Appendix—this method also provides information re-
garding field-induced crossings of excited-state levels. Both
sets of level-crossing fields are in very good agreement with
our theoretical model, as described in Sec. II C. Section III
contains predictions of our theoretical model for future ex-
periments regarding the magnetization for very high fields
�up to 80 T� and the site dependence of the local magnetic-
moment vector for the individual paramagnetic ions. Surpris-
ingly, the same two sets of exchange constants, which
equally well reproduce ��T�, also provide very similar quan-
titative results for the high-field magnetization and the local
magnetic-moment vector. Finally, our results are summarized
in Sec. IV.

II. MOLECULAR MAGNETISM

A. Theory

The magnetic structure of the �Cr10Cu2� magnetic mol-
ecule was introduced in Sec. I, and using the notation of Fig.
1, we are adopting an isotropic Heisenberg Hamiltonian of
the form

H = J1�s�1 · s�2 + s�2 · s�3 + s�3 · s�4 + s�4 · s�5 + s�7 · s�8 + s�8 · s�9

+ s�9 · s�10 + s�10 · s�11� + J2�s�5 · s�6 + s�11 · s�12� + J3�s�6 · s�7

+ s�12 · s�1� + �BH� · �
i=1

12

gis�i, �1�

where each spin operator s�i �1� i�12� is given in units of �,
�B is the Bohr magneton, and the numbering of the ions and
the bonds are shown in Fig. 1. For the spectroscopic splitting
factors, gi, we use gi=1.98 for the Cr3+ ions �1� i�5 and
7� i�11� and gi=2.10 for the Cu2+ ions �i=6 and 12�. The
intrinsic spins are 3/2 for a Cr3+ ion and 1/2 for a Cu2+ ion.
The total spin operators S2 and Sz commute with H so the
eigenstates of these operators are described by quantum
numbers S and MS whose values range from 0 to 16 �=10
�3 /2+2�1 /2� and from −S to S, respectively.

This theoretical model involves a three-dimensional
model parameter space �J1 ,J2 ,J3�; moreover, in Ref. 6, a
detailed search of this parameter space revealed that there are
two different sets of exchange constants that both provide
excellent agreement with the measured weak-field suscepti-

bility ��T� for H=0.1 T and for temperatures ranging from
T=2 to 300 K. These two sets of exchange constants will be
referred to as model A, for which J1=14.8 K, J2=52.9 K,
and J3=−11.8 K; and model B, for which J1=16.9 K, J2
=27.2 K, and J3=−13.1 K. �Throughout this paper all ener-
gies, including the exchange constants, are given in units of
the Boltzmann constant kB.� The resulting data for ��T�, as
obtained for both of these models, are shown in Fig. 2 along
with the experimental data. Note that there are small devia-
tions between these data below 10 K but when one examines
the entire range of measured temperatures �from 2 to 300 K,
shown in the inset of Fig. 2�, the three data sets are nearly
indistinguishable.

While this good agreement for ��T� is essential for the
development of a successful theoretical model, it is also nec-
essary to test whether either or both of these models accu-
rately predict the results of low-temperature field-dependent
measurements since the latter data set can be used to provide
detailed information concerning the values of the lowest-
energy levels of Eq. �1� for each value of the total spin quan-
tum number S. To that end, we have performed quantum
Monte Carlo calculations of the low-temperature differential
susceptibility �M /�H for both of these theoretical models.
These data are shown in Fig. 3 for T=0.5 K. The most strik-
ing feature of Fig. 3 is that the calculated results for the two
models are very similar with only a slight deviation in the
value of the field at which the third peak occurs. For both
models, the first two peaks in �M /�H both occur relatively
close together �H�5 T�, and the next peak does not occur
until H�13 T. Experiments have been performed to test
these predictions, and these data are presented in Sec. II B.

B. Experiment

The real part, ��, of the dynamic magnetic susceptibility
��=��+ i��� of a �Cr10Cu2� sample was measured using a
TDR technique. The design and capabilities of a TDR are
discussed at length elsewhere.8,9 Briefly, steady-state oscilla-
tions with frequency 2�f0=1 /	LC are maintained in an
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FIG. 2. Low-field magnetic susceptibility, �=M /H, versus tem-
perature for H=0.1 T: Experiment �open circles�, calculation for
model A �solid line�, and calculation for model B �dashed line�.
Values of the exchange constants for the two models are given in
the text.
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LC-tank circuit by a tunnel diode biased in its negative dif-
ferential resistance region. When a sample is placed inside
the inductor in the presence of a static field H, it produces a
frequency shift �f of the resonance frequency given by10

�f

f0
� −

1

2

Vs

Vc
4����H,T, f0� , �2�

where Vs and Vc are the volume of the sample and coil,
respectively. A TDR operating at f0�15 MHz with a stabil-
ity better than 0.1 ppm was mounted on an Oxford dilution
refrigerator Kelvinox400, equipped with a 14–16 T super-
conducting magnet. A special sample holder was designed to
ensure good thermal coupling between the sample and the
mixing chamber. The magnetic-field dependence of �� was
measured in isothermal conditions �T�50 mK� by ramping
up the magnetic field very slowly �0.01–0.03 T/min�, ensur-
ing thermal stability within 5 mK. There was no evidence of
hysteresis effects as virtually identical results were obtained
upon ramping down the magnetic field.

Figure 4 shows the change in the TDR frequency as a
function of magnetic field at T=55 mK. Because of the
magnetoresistance of the coil and some field dependence of
the resonator capacitance, there is always a contribution from
the empty resonator which appears as a background signal.
To account for this, we have also measured the frequency
shift in a separate run with an empty resonator. Then, by
subtracting this background contribution, the field depen-
dence of �� is obtained up to a calibration constant. These
data are shown in the upper inset of Fig. 4. For magnetic
fields up to 16 T, three peaks in �� were observed, occurring
at H=2.35, 5.31, and 13.32 T. These peaks correspond to
three steps in the magnetization M of the sample, shown in
the lower inset of Fig. 4. This magnetization was calculated
by integrating �� with respect to H, which assumes ��
=�M /�H as described in the Appendix.

The effect of temperature on the peaks in �� was further
investigated by repeating our measurements for several
higher temperatures, ranging from T=55 mK up to T=3 K,
as shown in the inset of Fig. 5. When the temperature was
increased from 55 to 100 mK, the results were virtually iden-

tical. However, as the temperature is increased further, new
peaks began to emerge for T	0.5 K. These peaks are very
prominent for T=1.5 K, as shown in Fig. 5. The values of
the fields at which these new peaks occur are H=3.94 and
9.3 T, and their significance is discussed in Sec. II C.

C. Analysis

In Sec. II A, two sets of theoretical parameters were pro-
vided �models A and B�, which give rise to the predicted
field dependence of �M /�H shown in Fig. 3 for T=0.5 K.
Each of the peaks is associated with a ground-state level
crossing, where the total spin quantum number S of the
ground state changes by one unit. The level-crossing fields
have also been measured experimentally �at T=55 mK, as
shown in Fig. 4�, and the predicted level-crossing fields for
both models �A and B� agree very well with these low-
temperature measurements. These data sets are summarized
in Table I.
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FIG. 3. Theoretical predictions for the differential susceptibility
versus field for T=0.5 K. The solid line was calculated using
model A, and the dotted line was calculated using model B �both
described in the text�.
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FIG. 4. �Color online� Main figure: Shift of the TDR frequency
with applied magnetic field at T=55 mK with the sample inside the
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Upper inset: TDR signal after background subtraction, which is
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Magnetization as obtained by integrating �� �upper inset� with re-
spect to H.
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Based on the values of the three experimental level-
crossing fields in Table I, one can infer the zero-field spac-
ings of the lowest magnetic energy multiplets for this system
for S=0, 1, 2, and 3. This is because each lowest-energy
multiplet has �2S+1�-fold degeneracy when H=0; moreover,
in an external magnetic field, the �2S+1�-fold degeneracy of
each field-free multiplet is lifted due to a shift, g�BHMS,
originating in the Zeeman term of Eq. �1�. As the external
field is increased from H=0, the ground state changes
�among the members of these energy multiplets� succes-
sively from S=0, MS=0 to S=1, MS=−1, etc., in integer
steps of S and MS. Each of these changes of the ground-state
quantum numbers is referred to as a level crossing, and the
field at which the ground state changes from S−1 to S will be
denoted HS. Denoting the zero-field energy of the lowest-
energy multiplets as ES, the energy gap between these mul-
tiplets is given by ES−ES−1=g�BHS. Using this formula, the
experimental data yield the energy-level diagram shown in
Fig. 6, where each ground-state level crossing is indicated by
a solid arrow, and level crossings involving low-energy ex-
cited states are indicated by open arrows.

In addition to the ground-state level crossings, several
level crossings shown in Fig. 6 do not involve the ground
state. These excited-state level crossings are not reflected in
the �equilibrium� �M /�H data shown in Fig. 3 but they are
seen in our TDR measurements. This is because the TDR
technique probes the dynamical susceptibility, which can re-

veal features that are not present in the static susceptibility.11

As we describe in the Appendix, in order to observe these
transitions between two excited states they must have a sig-
nificant thermal occupation. This will occur if kBT is compa-
rable to the energy of the excited state, � �above the ground-
state level for the given value of H�. For the measurements
shown in Fig. 4, the temperature was so low �55 mK� that the
excited states have a negligible thermal occupation, and
hence no transitions are observed between excited states. Al-
though there are no excited-state level crossings that lie
within milliKelvin of the ground state, there are three
excited-state level crossings lying within �
5 K of the
ground state, and these are indicated by open arrows in Fig.
6. In order to observe transitions associated with these level
crossings, it is necessary to raise the temperature to T
	1 K. These measurements were described in Sec. II B, and
indeed peaks associated with these transitions are observed
for T=1.5 K, as shown in Fig. 5.

The data associated with excited level crossings are sum-
marized in Table II. Using the measured ground-state level-
crossing fields that are listed in Table I, one directly obtains
the predicted excited-state level-crossing fields. Those pre-
dictions are listed in the first column of Table II, along with
the associated excitation energies, �. In the second column,
we list the excited-state level-crossing fields as measured at
T=1.5 K �from Fig. 5�. Note that the first level-crossing
field for T=1.5 K has a value of H=2.5 T, which is in
between �and very close to� two level crossings: an S=0
→S=1 �ground state� transition at H=2.35 T, and an S=1
→S=2 �excited-state� transition at H=2.7 T. Given the
close proximity �in H� of these level crossings, we believe it
is likely that the �T=1.5 K� peak at H=2.5 T is a superpo-
sition of transitions associated with both of these level cross-
ings. In addition to these transitions for which S changes by
one unit, there are also peaks in the T=1.5 K data that cor-
respond to �S=2 transitions: The peak at H=3.94 T corre-
sponds to an S=0→S=2 transition, and the peak at H
=9.3 T corresponds to an S=1→S=3 transition. Although
such �S=2 transitions would appear to violate selection
rules, these transitions are allowed if one adds a small con-
tribution from non-Heisenberg terms to Eq. �1�, as described
in the Appendix. Taking this effect into account, the T
=1.5 K data are in very good agreement with our model of
the low-lying energy levels shown in Fig. 6.

In addition to being temperature dependent, the observa-
tion of peaks associated with excited-state level crossings
also depends on the frequency f0 of the measurement. As we
describe in the Appendix, the Hamiltonian must include a

TABLE I. Comparison between the predicted ground-state
level-crossing fields for models A and B �from Fig. 3� and the
corresponding measured level-crossing fields �from Fig. 4� for T
=55 mK.

Model A
�T�

Model B
�T�

Experiment
�T�

2.15 2.15 2.35

4.7 4.8 5.31

13.9 13.35 13.32
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FIG. 6. Energy versus field for the lowest levels. These energy
levels are inferred from the data in Fig. 4, and include states with
quantum numbers S=0 �solid line�, S=1 �dashed lines�, S=2 �dot-
ted lines�, and S=3 �lines with circles�. Solid arrows indicate
ground-state level crossings, and open arrows indicate low-energy
excited-state level crossings.

TABLE II. Comparison between predicted excited level-
crossing fields and the fields associated with corresponding peaks in
the measured TDR signal at T=1.5 K. �See the text for details.�

Predicted
�T�

Measured
�T�

2.7 ���3.6 K� 2.5

3.85 ���2.0 K� 3.94

9.25 ���5.2 K� 9.3

ENGELHARDT et al. PHYSICAL REVIEW B 79, 014404 �2009�

014404-4



small contribution from non-Heisenberg terms which will
cause a small energy gap �i.e., an avoided crossing� when
two levels would otherwise cross. Furthermore, in order to
observe these avoided level crossings, the frequency must
satisfy the inequality 2��f0��, where � is the energy gap
associated with the avoided level crossing. Our TDR data
were all measured at a single frequency, f0�15 MHz, cor-
responding to an energy of 2��f0�0.8 mK. This implies
that the energy gap � associated with the avoided level cross-
ings that we observe for excited states must satisfy �
�0.8 mK. As such, our observation of these excited-state
level crossings places an upper limit on the size of these
small energy gaps. If one were to lower the frequency, even-
tually these peaks should disappear for 2��f0��. The ex-
perimental verification of this prediction by future measure-
ments would be useful for two reasons: First, it would
provide additional support for our interpretation of the higher
temperature �1.5 K� peaks in the TDR data. Second, this
would demonstrate the effectiveness of the TDR technique as
a method for measuring very small energy gaps associated
with avoided level crossings of excited states. Finally, we
remark that for ground-state level crossings �or avoided
crossings� it is not clear whether or not the condition
2��f0�� is being met. This is because peaks arising from
equilibrium fluctuations would still be observed at these
level-crossing fields even for f0=0 �static measurements�. If
the condition 2��f0�� is being met for the ground-state
level crossings, one should observe a decrease in the ampli-
tude of these peaks when f0 is decreased so that 2��f0��
but modest peaks would still exist.

III. PREDICTIONS FOR FUTURE MEASUREMENTS

A. Ultrahigh-field magnetization

As we have shown in Sec. II, the theoretical predictions of
both models A and B for the differential susceptibility of the
�Cr10Cu2� magnetic molecule are in very good agreement
with our TDR data up to the highest measurable field �16 T�.
In addition, for both models we have calculated the magne-
tization M and differential susceptibility �M /�H for higher
fields up to the saturation field ��80 T�. Surprisingly both
models continue to provide very similar results throughout
this entire field range. In fact, these data are nearly indistin-
guishable when viewed on a scale that extends up to the
saturation field so only the data for model A are shown here.
These data �M and �M /�H for model A� are shown in Figs.
7 and 8 for T=0.5 K.

Examining Figs. 7 and 8, these predictions include several
interesting features. As the field is increased from H=0, there
is a relatively wide plateau in M�H� around 10 T, which has
already been experimentally verified �in Sec. II�. Then, as the
field is increased further, M�H� shows a series of many
roughly equally spaced steps that occur between 14 and 50 T.
The nature of these steps is clearly revealed by examining
the corresponding �M /�H data in Fig. 8. What appear as
single rippled steps in M, with a change of approximately
4�B, are seen to correspond to closely spaced pairs of peaks
in �M /�H. This can be seen by noting in Fig. 8 that
�M /�H�0 within these pairs while �M /�H�0 between the

pairs. This effect becomes consistently more pronounced as
the field is increased to the point that two peaks nearly co-
incide at H�60 T. Finally, the magnetization becomes satu-
rated at H�80, where one very large peak occurs, associated
with a transition from an S=14 ground state to an S=16
ground state �“skipping” S=15�.12 Several of the features
predicted here could be tested at existing pulsed-field facili-
ties for H
60 T.

B. Site dependence of the magnetism

In the course of our quantum Monte Carlo calculations, in
addition to the magnetic properties of the molecule as a
whole �M and �M /�H�, we have also calculated the thermal
equilibrium local magnetic moment of each of the 12 indi-
vidual sites �paramagnetic ions� of the �Cr10Cu2� magnetic
molecule. Note that, for a �hypothetical� ring of N spins that
is completely symmetric, this quantity would simply equal
M /N for each site, and hence it would not be of interest.
However, due to the relatively low symmetry of the present
system �involving two different species of paramagnetic ions
and three different bonds�, the site-dependent magnetic mo-
ment has the potential to provide very rich data. This quan-
tity has been calculated for a fixed low temperature �T
=0.5 K�, and these data are shown in Fig. 9 for model A.
�The corresponding data for model B are nearly indistin-
guishable from those of model A so only the data for model
A are included.�
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FIG. 7. Predicted M versus H for model A with T=0.5 K, up to
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In order to interpret the predictions that are shown in Fig.
9, it is necessary to refer to the labeling convention that is
defined in Fig. 1 and used in Eq. �1�. Since the present sys-
tem possesses 180° rotational symmetry, sites on opposite
sides of the molecule are magnetically equivalent �e.g., site 1
is equivalent to site 7�, and hence there are only six unique
data sets to be shown in Fig. 9. Note that each of these six
curves is quite distinct. As the field is increased from H=0 to
H�5 T, the local moments �specifically, the equilibrium
local-moment vectors13� separate into those that point in the
direction of the applied field �sites 1, 7, 3, 9, 5, and 11� and
those that point in the opposite direction �sites 2, 8, 4, and
10� while the Cu2+ ions �sites 6 and 12� show almost no local
moments until the saturation field is reached. This ordering
persists from H�5 to H�14 T; then at higher fields, sites
2, 8, 4, and 10 “flip” in the direction of the applied field.
�This occurs at H�15 T for sites 2 and 8, and at H
�25 T for sites 4 and 10.� As the field is increased further,
all of the local moments eventually reach their saturation
value �gisi=2.97 for the Cr3+ sites and gisi=1.05 for the Cu2+

sites�.
There are certain features of the local-moment data shown

in Fig. 9 that are fairly intuitive to understand while other
features would be quite difficult �probably impossible� to
predict without these quantitative calculations. In particular,
note that, in the vicinity of H�10 T, the local moments
become maximally staggered �with sites 2, 4, 8, and 10
reaching their most negative values�. The value of the field at
which this feature occurs could not have been predicted from
a simple argument but the ordering of the sites is very easy to
understand. It can be viewed in terms of a bipartite lattice of
classical spin vectors, with one sublattice �composed of sites
1, 3, 5, 7, 9, and 11� pointing in the direction of the field and
the other sublattice �sites 2, 4, 6, 8, 10, and 12� pointing in
the opposite direction. Note that the Cu2+ ions �sites 6 and
12, for which s=1 /2� reside on the sublattice that points in
the direction opposite to the field, such that the net magneti-
zation is positive. Although these two sublattices are easy to
understand, the rankings of these local moments �e.g.,
site 1�site 3�site 5� could not have been predicted by
simply inspecting the geometry of the molecule, and this
therefore provides a nontrivial prediction for future measure-
ments.

It would be very informative if the predicted behavior of
the local magnetic moments could be tested by experiment.

This quantity has been successfully measured for different
chromium-based magnetic molecule14 using nuclear-
magnetic-resonance �NMR� techniques. Specifically, the lo-
cal moments of four nonequivalent Cr3+ sites in a Cr7Cd
magnetic molecule were observed by carefully studying the
properties of an NMR spectrum. Such measurements are
typically restricted to H
10 T. We have therefore calcu-
lated the response of the individual local magnetic moments
of �Cr10Cu2� to a fixed field, H=10 T, and varying tempera-
ture, and the data are presented in Fig. 10. The local mo-
ments are roughly independent of temperature for T
2 K.
As the temperature is raised from T=2 to 10 K, the values of
all of the local moments tend monotonically toward zero;
and for T�10 K, the ordering of the local moments is lost.
Therefore, temperatures in the range T
2 K would be ideal
for testing this phenomenon, and no ordering should be ob-
servable for T�10 K.

IV. SUMMARY

In this paper, we have provided several theoretical predic-
tions for the magnetic behavior of the �Cr10Cu2� magnetic
molecule, as well as experimental measurements of certain
relevant magnetic properties, and a detailed analysis of the
relationship between the theoretical models and the experi-
mental data. The theoretical predictions that have been pre-
sented are based upon two models �corresponding to two
different sets of Heisenberg exchange constants�, which we
refer to as models A and B, both of which provide an excel-
lent fit to the temperature dependence of the weak-field sus-
ceptibility ��T�, as described in Ref. 6. For both of these
models, we have calculated the �predicted� low-temperature
differential susceptibility �M /�H, which is presented in Sec.
II A. These data are remarkably similar for both models, both
exhibiting three nearly equal ground-state level crossings be-
low H=15 T. These level-crossing fields have also been
measured experimentally at a low temperature �55 mK� us-
ing a TDR technique �see Sec. II B�, and the experimental
results are in excellent agreement with the theoretical predic-
tions. When the TDR measurement is repeated at a higher
temperature �1.5 K�, additional resonances are observed,
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FIG. 9. �Color online� Predicted magnetic ordering of the equi-
librium magnetic moment for the individual sites of the �Cr10Cu2�
molecule for T=0.5 K, up to the saturation field ��80 T�.
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FIG. 10. �Color online� Predicted magnetic ordering of the equi-
librium magnetic moment for the individual sites of the �Cr10Cu2�
molecule as a function of temperature for a fixed field, H=10 T.
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which are explained in terms of excited-state level crossings,
as discussed in Sec. II C and the Appendix.

Notwithstanding the excellent agreement between experi-
ment and the predictions of models A and B that are based
solely on Heisenberg exchange, we cannot rule out the pos-
sibility that magnetic anisotropy terms might be of some
significance for the present system. We note that our quan-
tum Monte Carlo calculations have provided detailed field
and temperature dependences of the differential susceptibil-
ity, and information concerning a relatively small subset of
energy levels. If magnetic anisotropy plays a significant role,
this will give rise to fine structure of the energy levels. A
direct probe of the fine structure could be provided by high-
frequency electron-paramagnetic-resonance measurements.15

In Sec. III, we have provided additional predictions that
involve higher fields in the range of 16–80 T—which could
be tested using pulsed magnetic-field techniques—and the
site dependence of the local magnetic moments within a
�Cr10Cu2� molecule—which we hope can be tested using
NMR techniques. In addition to achieving excellent agree-
ment between theory and experiment, one of our most sur-
prising findings is that both of the theoretical models �models
A and B� provide virtually identical results for all of the
magnetic properties that we have considered. As such, both
of these models provide viable descriptions of the �Cr10Cu2�
magnetic molecule. We speculate that this virtual equiva-
lence of distinct models is likely to be commonplace for spin
models featuring the use of multiple exchange constants.
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APPENDIX: DYNAMIC SUSCEPTIBILITY

In this Appendix we describe certain features of the dy-
namic magnetic susceptibility that provide a qualitative un-
derstanding of the TDR data of Sec. II B. For these measure-
ments, the direction of the radio frequency magnetic field is

collinear with the static magnetic field H� so the dynamic
susceptibility that is measured is the real part ���� of the
longitudinal component of the complex magnetic susceptibil-
ity �zz��=�zz� ��+ i�zz� ��.10 From linear-response theory,16

this quantity is given by

�zz�� = �zz�0�
1 − i lim
�→0+

�
0

�

dte−�i+��t

�� Sz�0�Sz�t�� − Sz�2

Sz
2� − Sz�2 �� , �A1�

where the angular brackets represent thermal averages, Sz�t�
is the Heisenberg representation �based on the system Hamil-
tonian H� of the total spin operator Sz at time t, and �zz�0� is

the static susceptibility. It is important to note that for non-
zero values of  the only nonvanishing contribution to
�zz�� originates exclusively from the time dependence of
the quantity Sz�0�Sz�t��. However, this thermal average is
actually independent of time if the system Hamiltonian is
restricted to being that for an isotropic Heisenberg model
since the Sz operator commutes with H. That is, �zz�� is
strictly zero for nonzero  for this class of system Hamilto-
nians.

While the isotropic Heisenberg Hamiltonian of Eq. �1�
provides an accurate model for static measurements of mag-
netization M and susceptibility �zz�0�, it is subtly insufficient
for determining �zz�� for nonzero : the inclusion of very
small non-Heisenberg terms that have been excluded from
Eq. �1� is of vital importance. Their role is to allow for time-
dependent contributions to

Sz�0�Sz�t�� =
1

Z
�
�,�

e−E�/kBT���Sz����2ei�E�−E��t/�. �A2�

Here ��� and E�, ��� and E� denote eigenvectors and
eigenenergies of H. The key point is that numerous off-
diagonal matrix elements ��Sz��� that would vanish for a
strictly isotropic Heisenberg model �hence yielding selection
rules� are now nonzero and consequently Sz�0�Sz�t�� be-
comes time dependent. However, for most applications, be-
cause of the smallness of the non-Heisenberg terms, it suf-
fices to approximate the eigenenergies E� by their
unperturbed isotropic Heisenberg values.

These ideas can be further understood by considering the
dynamical effects of a magnetic field being swept through a
ground-state level-crossing field for a magnetic system at
low temperatures. It is well known17 that transitions between
the two intersecting states would not occur if S2 and Sz ex-
actly commute with H �as is the case for Eq. �1��; i.e., M�H�
would be constant for all H. That such transitions are ob-
served experimentally as steps in M�H� is a result of some
�albeit small� contributions to H that does not commute with
S2 and Sz—e.g., spin-phonon coupling, etc. These small con-
tributions to H cause small energy gaps �i.e., avoided cross-
ings� to occur at what otherwise would be level-crossing
fields, and they also cause the off-diagonal matrix elements
in Eq. �A2� to be nonzero. Both of these effects are important
to the following discussion.

Consider a general system Hamiltonian that does not ex-
actly commute with S2 and Sz. For this Hamiltonian, substi-
tuting Eq. �A2� into Eq. �A1� yields the result18

�zz� �� = �zz�0�
1 −
�

Z�Sz
2� − Sz�2�

��
�,�

e−E�/kBT ���Sz����2

� − �E� − E��� , �A3�

which involves off-diagonal matrix elements ��Sz��� that
have a small but nonzero value, and a resonance occurs when
�=E�−E�. �This also provides contributions to �zz� �� that
are proportional to Dirac delta functions of �− �E�−E��.�
The resonance condition will be satisfied in the vicinity of
avoided crossings if ���, where � is the small energy gap
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at the avoided crossing which results from the small non-
Heisenberg terms in the Hamiltonian. Conversely, for �
�� no resonance occurs. Besides the requirement ���, in
order for �zz� �� to be large in the vicinity of avoided cross-
ings, the Boltzmann factor e−�E�−Eg�/kBT cannot be too small
�i.e., these resonances will not be observable if kBT�E�

−Eg�, where Eg is the ground-state energy and E�−Eg is the
excitation energy. To summarize, peaks that are associated

with excited-state �avoided� level crossings will be observ-
able in the TDR data only if each of the following three
conditions are met: �1� The off-diagonal matrix elements
have a small but nonzero value due to non-Heisenberg terms.
�2� The Boltzmann factors for these excited states are non-
negligible, i.e., kBT	E�−Eg. �3� The frequency is suffi-
ciently large compared with the energy gap at the avoided
crossing, i.e., ���.
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